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Certain results are established in the theory of stability on the 
basis of first approximations for sgstems with lag [delayed systems]. 
Sufficient conditions are obtained for first approximation stability 
of such systems. 

1. Let us consider the following system of equations of perturbed 
motion: 

dx f - = Fi (t; z1 (t), . . . , zn (t), 51 (t - ~1, . . . , G (t - 7)) 
dt 

(i=l,..., n) (1 1) 

where F (t; r,(t), . . . . x,(t), rl(t - r), .,.., xaft - r) 1 are holo- 
morphic functions of the variables x,(t), . . . . x,(t), xl(t - r), rr., 
z,(t - r 1, satisfying the conditions F,(t; 0, . . . . 0, . . . . 0) = 0 
(i = 1, l *** n), 

Expanding the right-hand terms of the equations (1.1) in powers of 
the variables z,(t), . . . . x,(t), nl(t --r>, . . . . x,(t -71, we obtain 

$i = i (pij(t)Zj(t) + Qij (t)Zj(t -2)) + Xi ti = '9 "'* n, (1.2) 
j=l 

where Pij(t) and nij(t) stand for JFi/J rj(tf and JFi/‘J xj(t - r), 
respectively, when xj(t) = 0, xj(t - r ) = 0; the Xi(i = 1, ..,, n) are 
functions whose power expansions begin with terms of degree not lower 
than the second. 

Along with the system of equations of the first approximation 

dxf 
dt = $ (Pfj tt) % Ct) f 4fj (1) zj (t - 7)) (i = 1, . . * , n) (l-3) 

j-1 

we shall consider the system 
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2 = i (pij (t) + @j (t)) Xj (i=l,...,n) (I.41 
j=l 

which is obtained from (1.31 by setting r = 0. 

Let us suppose that the null solution (i.e. the identically vanishing 

or trivial solutionf of the system (1.4) is as~ptotically stable, and 

that for it there is given a positive-definite quadratic form, with 

bounded coefficients, 

v= i Q&j (t) XiXj 
&j-l 

which satisfies the hypotheses of Liapunov's theorem 111 on asymptotic 

stability. Under these conditions and by equation (1.41, the derivative 

of V is given by 

where 

dV 
dt= i Uijto' (t) XiXj (1.5) 

i, j-l 

Rj(*) tt) = jj Lai8 (1) @8j (t) + qsj (t)) + uj8 tt) (pai (t> + Qei (t))l + s 
s-1 

(i, i = 1,. . . , n) 

Furthermore, the expression in (1.5) is a negative-definite quadratic 

form. 

We shall next explain under what conditions the quadratic form V will 
be a function satisfying Liapunov's theorem on asymptotic stability for 

a system of differential equations of first approximations of the type 

(1.31. 'Ihe derivative of the quadratic form V is, because of (1.3). 

where 

g = $ b{j (t) Xi (t) Xj (t) + i Cij (t) Xi (t) Xj (t - 7) (i-6) 

i; j-1 i. j-1 

bij (t) = i (ais (t) psj (t) + ajs (t) J&i ft)) + 2 

s-1 

Cij (t) =: 2 i ais (t) Qsj (4 

a change 

V to 

a non-singular 
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Zi = kil (t) yl + . . . + /iif3 (t) Yn 

Making the indicated change of variables in (1.6), we obtain 

$[$ jji') e i A,j (t)Yi (t) yj(t) + b B,j (t)Yi(t)yj(t-T) (1.7) 

i=l i; j-l i; j==l 

where 

-4ij (t) = 

p; y=1 P; 7-l 

On the basis of Theorem 5 proved in 12 1, the null solution of the 

system (1.3) will be asymptotically stable if there exists a positive- 

definite function V(t; x x >, which has an arbitrarily small upper 

bound, and which is suchlthHL'itsnderivative is negative-definite for all 

values xI(t - r), ..*, x,,(t - r 1 satisfying the condition 

v(t - T, q(t; -T), . . . , z,(t -T))< v(t; q(t), . *. , zn (t)) (W 

ibis condition (1.8) takes the following form in terms of the new 

variables yi, . . ., y, : 

y,tZ) (t-q + * * . + ?.&z (t -T) < y1” (t) + . ‘ * + g2 (q cw 

Next, let us determine the maxims of the function ~~/~~ for fixed 

values ylft), .*., y,(t) and for values ylft - 71, .*., y,(t - 7) 

satisfying the condition (1.9). Let us set yi(t - I) = zi (i = 1, I..I n) 

Using Lagrange's method [3 1, we construct the function 

or by (1.7) 

The values tl, . . . . zn for.which the function d~/d~ takes on a maximum 

are found from the system of equations 

$- = i Bij (1) lJi - 21,Zj = 0, i (Zi’ - yia) = 0 (1.11 
i-l i=l 

By determining the zj from the first set of equations, and substitut 

ing their values in the second set, we find 

Multiplying each of the first n equations (1.11) by zj and adding the 
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result, we obtain 

n n 

2 Z3ij (1) ?JZj - 2h 2 Zj2 = 0 (1.13) 
i. j-l j-l 

But from the second equation of (1.11) it follows that tl* + . . . + 
zn2 = yi2 + . . . + yz, and hence, 

‘Ihe quadratic form appearing in the square brackets of equation (1.141 
can be transformed to its canonical form by means of an orthogonal trars- 
formation. If this is done we obtain 

where [,, . . . . 
such that yi2 + 

5, are linear functions of the variables yl, ..‘I Yn 
. . . + yn2 = t12 + . . . + cn2. Making the indicated sub- 

stitutions in (1.14) we obtain 

(l.lG) 

Let h’-(t) = sup V+), . . . . h,(t) I, h” (t) = inf 1 h,(t), . . . . h,(tQ. 
lhen the following inequality holds E 5 1 

h” (t) & E?) < $ hi (t) Ei2 < (-j E?) h’ (t) (1.17) 
i=I i=l i-1 

On the basis of (1.16) and (1.7) it can be shown that the bilinear 
form which appears on the left-hand side of equation (1.14) satisfies 
the inequality 

if zl’ + . . . + Z”2 < y12 + . . . + y,? 

Introducing the variables E,, . . . . 
into account the fact that yL2 -I- 

. . . +5,, 

” 

:n_tofey;tton J 1;‘; and taking 

1 n , we obtain 

Bij (tf ii (1) $j (1) + yij (t) ii (t) Ej ft - T) (1.19) 
i-1 j; j=l i, j:=l 

Cmder the condition that [I’ (t - r) + . . . + 5,’ (t - r) < 5,’ (t) + 
*.. + t,,* (t f we have 
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(fs20) 
i=l i; j=l i=l 

Ch the basis of (1.20) we can obtain an estimate for the derivative 
dV/dt , namely, 

i (pij (t) + hj V/t’ tt)) 6 tt) Ej tt) > 

i; jl=l 

dt‘ 

adt 
= $ i Et2 (1) 3 $ @ij (t) f- &j m)) Ei (t) Ej (t) (j-21) 

i-l i; j-_l 

(t+j = Owheni+_L, Sit = 1)‘ k’ = i,2 + , . . + F&a 

Fran this inequality (1.21) we can now draw the following result. 

Theorem 1. ‘Ihe trivial solution of the system of differential equa- 
tions of first approximations is asymptotically stable for all values of 
the lagging argument T if the roots A, (t ), . . . . h,(t) of the equation 

detljpij (t) + 6ij (I/12’(t) -A)]/=:0 

satisfy the condition X,(t),< 6 < 0 (i = 1, . . . . n) t > to, where c is 
a fixed negative number of arbitrarily small absolute value. 

2. Qnsiderably less rigid conditions for stability can be obtained 
on the basis of Theorems 6 and ‘7 of reference [ 2 ] , 

Because of (1.3) one may write the expression (1.6) for the derivative 
of V in the following form 

5’s i UijO(t) Xi (t) Xj (t) + i Cij (t) Xi (t) [Xj (t-T) -il?j (t)] (2.1) 
i, j=l i, j-1 

where the first sum on the right-hand side is the negative-definite 
derivative of V in consequence of (1.4). 

By a well-known formula of Lagrange for finite increments 

Xjft-T-)--j(t) = -7 $ Xj (3j) f”j=tte~T, o<Oj<l) (2.2) 

From the equations of the first approximation (1.3) we obtain 

Xj (1 - 7) - Xj (t) = - T f: [f.)js(Sj)X,(Oj) +4(j8(aj)X,(Gj-T)] (i= 1***** n, 
n=1 

(2.3) 
Making the appropriate substitutions in equation (2.1), we get 

dV 
dt= i Gj” (t) Xi (t> Xj (t) -Ti Q(t) fJ Cij(t) X 

i; j-1 i=l j=l 

X 2 [pjs (01) $8 taj) + Qjs tGjf xs CGi - T)l (2.4) 
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On the basis of theorems proved in I2 1, we have the following result. 
The stability of the null solution of a system of differential equations 

of the first approximation (1.3) follows from the negativeness of the 

function dV/dt along every integral curve satisfying the condition 

V(a, x1(4, * * - , &I (3)) < v (t, $1 (t>, * * * > %I (t)) where o < t (2.5) 

Making use of the linear transformation 

Xi ==&I (1)y1 + * * * + h3(t) $,/?a 

where the yl, . . . . yn are such that V= y12 + . . . + y,', we obtain 

$ $ yi2 (t) =I i; &j(l) (t) yi (t) yj (t) - UT 
i=l i; j=l (2.6), 

Q3(J) (t) = $ a,,O (4 kpi (t>kvj (t) 
p; v=1 

u = i c&v (t> k~~(~~ Yi (t) bs (a*) ksj (0~) Yj (av)f 

i; j, p. Y, S==l 
+ Q~8(~~)~~j(a~-~)~j(u~-~)l (2.i) 

The stability of the system of first approximations is implied by the 

negativeness of the left-hand side of equation (2.6) under condition 

(2.5) or under the equivalent conditions 

We shall determine the least upper bound of the factor r occurring in 

the right-hand side of equation (2.6). It is obvious that this bound is 

attained on the boundary of the region, and that for its determination 

one may replace the inequalities (2.8) by the corresponding equalities. 

Let us make the following change of variables in the expression (2.7): 

jji = ‘-fi (i--l,...,?&) (r=jLy12+...+yYn:) (2.9) 
where yI, . . . . y, are the direction cosines of the radius vector of a 

point on the surface yi2 + . . . + yn2 = r2* We thus obtain the equation 

+ qvs (0”) ksj (TV - T) yj (gv - ‘;)I 

Since \yi\ 4 1, it follows that in the region (2.8) the next in- 

equality holds: 

(2.10) 
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obviously, inf U= -sup U under condition (2.7). Therefore, the deri- 
vative dV/dt must satisfy the inequality 

f< i @ij(‘) (t) yi (t) .Vj (1) + 
i, j=l 

i=i -. f, i, p. Y, s=i 

+ I QYS (UY) 

Setting 

+ I Qw (4 I 

in the region t - r ( uV 4 t ( u = 1, . . , , n 1 we obtain 

n 

or 

Theorem 2. The trivial solution of the system of differential equa- 
tions of the first approximation is asymptotically stable if the roots 
h,(t, 71, . . . . h,(t, 7) of the equation 

satisfy the condition Xi(t, r)< E < 0 (i = 1, . . . . n) t > t,,, where c 
is a negative number of arbitrarily small absolute value. 

It is thus clear that there always exists a non-zero value of the lag 
T for which the asymptotic stability of the solution of the system (1.4) 
implies the asymptotic stability of the system (1.3). 

3. Theorems 5, 6 and 7 of [ 2 ] permit us to obtain not only sufficient 
conditions for the asymptotic stability, as formulated in our Theorems 1 
and 2, but they also yield estimates of the disturbances. Let us assume 
that the obtained estimate is of the form: 

The inequality (3.1) must then be implied by the values of the 

(3.1) 
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derivative dV/dt which depend on 
x&t - 71, .‘.I x,tt - r 1 of two 

the coordinates n,(t), . . . . x,(t), 
points lying on an integral curve. Be- 

cause of (3.1) these points must satisfy the inequality 

V (t, q(t), . . . ,x, (t) exp 5 - h’ (t) dtcy (I-7, x1 (l - q, . . . , Ic, (t-5)) (3.2) 
t--T 

Next, let the values of x1 ft), l **, x,(t 1 be kept fixed. &der this 
condition we shall determine the sup dV/dt in the region of values of 
xl(t - 7 ), . . . . x,(t - r ) given by the inequality 

v(t -T, 51 (t--T), . . . ,s,,(t---z))\<V(t,~~(t), ..+,sfi(t))exp 5 -A’(t)dt (3.3) 
t--+ 

Constructing the function 

cp -2 
l -dt -~[~~i2(t-~)-~(f)~~~z(t)] (q+==exp ;; --h'(t)dt) 

i-1 i-1 l-T 

and making computations analogous to those that were performed in 
1, we obtain the following inequality for the derivative dV/dt: 

5 @j(t) +sijl/y(t)h'(t))iiij>, g$iti2>/ 
i,j-1 i-l 

where EL2 + . . . + En2 = V and the variables c$,, l **, 
the variables nI, *.*, xn by the same transformation 
Section 1. 

(3.4) 

Section 

(3.5) 

6, are connected with 
formulas as those in 

Ihe function C#J ($1 has to be such that the equation (3.5) must imply 
the assumed estimate (3.1). Hence, for every t > tO, the function A’ ( t ) 
must not exceed the largest root of the equation 

det II &j (t) + 4j t t/‘p (1) A.‘-- h) iI= 0 

Suppose ,u’(t) is the largest root of the equation 

cfet If j3ij (t),- &jpll =I 0. 

Then it is obvious that A’ ( t ) will have to 
inequality 

A’ (0 > CL’ (0 + V4i (G h’ (t) 

But in accordance with the definition of # 
actually determined by the inequality (3.6). 

The inequality (3.6) can be replaced by an 

be determined from the 

(3.6) 

ft), the function A’(t) is 

equality. Replacing + (t ) 
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by its value from (3.4) we obtain 

k’(t) = p’(t) + l/h’(t)exp(- + 5 k’ (t) dt) 

1-T 
(3.7) 

The disturbance can thus be found in the form (3.1) where the function 
A’(t) is determined by (3.6) or (3.7). 

In an analogous manner one can obtain an estimate for the disturbance 
in the case when the estimate of dV/dt is found on the basis of Theorems 
6 and 7 of 123. 

Let us suppose again that the resulting estimate has the form 
1 

i/<VOexp ‘h,(t)dt 
s 
1. 

(3.3) 

Performing the orthogonal transformation of variables to the new 
variables yl, **at Y,, we obtain, for u < t, 

$~t”(o)<~~?(t)) exp\-&(t)dt (3.9) 
i-l i-l a 

The inequality (3.9) implies that the variables 

~~~~“),...,~~(~“), ~1(~~-~),...,y,(cm--‘E)(Y=1,...,n) 

which enter in the expression (2.6) for dV/dt, satisfy the inequalities 

2 yi2 (oj) 6 (exp \ - h tt) dt)i yi2 (t) 
j-l aj t-1 

$ yi2(oj - T)< (exp 5 - X1 (t) dt) i yi2 (t) 

i-l Crj-T i-l 

where 

Setting 

ajet- ep o<%<l 

f 

(sj(t) = exp 
s 

I--BjT 

-kh,(t)dt, $f(t) =exp { --Ah,(t)& 

f-(l+ejP 

f i 

‘9 (t) = exp 
s 

--hr (t) dt, J)(t) = exp 
s 

- hr (t) dt 
t--7 t-27 

and assuming that A,(t) 4 0, we obtain 

(3.10) 
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In this connection it should be noted that the inequalities (3.10) can 

be strengthened and given the form 

~yi'(~j)<~(t)~yi'(t) 9 i ~P(ai-~)<+(t) $yi'(t) (3.12) 

i-l 9-I i-1 i-l 

Cbre can then determine the sup dV/dt in the region (3.12). 

Performing computations analogous to those made in Section 2, we ob- 

tain for dV/dt the inequality (sup U = - inf U) 

- 
< fJ (4:’ (t> + hj iw1 tt, T, 1/f@ + w2 (t7 7) 1/5, tt)l T> yi.Vj (3.13) 

i,j=l 

where 

in the region t - r < uV < t. 

The functions ut, (t) and II, (t) must be such that for every t > t0 the 

function A,(t) be not smaller than the largest root of the equation 

detII+) (0 -f-&j [~(ux (t, 2) Vy (t) + ~2ttt 7) 1/m(t)) - VII = 0 

LetpI(t) be the 

Then, obviously, 

largest root of the equation 

det jl~ijt'f - 6ijpjl = 0 

(3.14) 

The inequality (3.14) determines the function A,(t). Thus the estimate 

of the form (3.8) can be obtained, and the function A,(t) can be deter- 

mined by means of the inequality (3.14). 

For the determination of the function h’(t) by means of (3.7) and of 

Al(t) by the use of (3.14), one can apply the well known method of 
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successive approximations. (It should be noted that (3.14) may be re- 
placed by an equality). 

Let h/(t), A,‘(t), . . . . X,‘(t), l ... and A,(o)(t), X,(11(t), 
A,Wt), l ** 

..*, 

be approximating sequences for A’( t ) and X,(t) respect- 
ively. 

Then, assuming that A,’ I 0, or A1( ‘1 = 0, we obtain 

h,’ (Q = $ (Q f- f/k’ 

.*.* *..* *.*.,r...*.* * f 0.. 

1,’ (t) = p’ (t) + jfT@(t)xp(+ 5 - L-i (t) dt) 
f--r 

h,(l) (0 = P,(t) + 7 bl (h q +wa tt, q1 
. . . . . . . . . . . . . . . . . . . . . . . . . 

h,(n)(t) = pi(t)+ 5 [co,(t,~) expf i -khl@-l)(t)dt + 
1-r 

a %WexP+ j - hr(=-l) (t) dt 
f--2s 

1 

Gestions on the convergence of the thus obtained sequences are not 
considered in this work. 

4. Returning to the original systems (1.1) and (1.2) we can formulate 
the following sufficiency criteria for stability. 

Theorem 3. Let the system of differential equations of first approxi- 
mations 

~=~(,,j(t)2j(t)+4rj(t)q(t-~)) (i=1 ) ,...,?a 

j-l 

be given. Let there exist, for this system, a positive definite Liapunov 
function whose derivative is dominated by a negative definite quadratic 
form. Then the perturbed motion 
of the functions Xi. 

The proof of this theorem is 
ing theorem for systems without 

It is obvious that lheorem 3 

is asymptotically stable and independent 

analogous to the proof of the correspond- 
lag [7 1. 
is true also if the functions X,. are re- 

stricted, for example, by conditions [ 7 1 of the type 
. 

pw;W), * * s ,&(Q,%(ft--71, * * *,%((t---))I< 

<~~I~,(~)1+..*+t~:,(~~l+lai(~-~)~+*..+1~n~--~I~ 

where A is a sufficiently small constant. 
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QI the basis of 'lheorem 3 one can assert that the conditions, given in 

Theorems 1 and 2 for the asymptotic stability of the null solution of the 

first approximation equations, are also sufficient conditions for the 

asymptotic stability of the original system (1.1). 

5. As an illustrative example let us consider the second order differ- 

ential equation 

4 (Q+ aA + %P, (rff ascP(t --7) = 0 (5.1) 

which describes transient processes in certain automatic control systems 

181. 
We introduce the notation 

4 (8) = =1(t), 9 (t) =x2 Q), ai = -si (i = I, 2,3f 

'lhen the equation (5.1) can be written in the form of the system 

dxl dxz 
- = blxl (t) + baxz (t) + box2 0 - 71, dt = 51 (t) dt 

If we let r = 0, we obtain the system 

dxl 
‘dt = blxl 0) + (b2 + bs) 22 (t), 

(5.2) 

(5.3) 

Let us suppose that the trivial solution of the system (5.3) is stable. 

Under this assu~tion we shall try to determine the Liapunov function as 

a quadratic form 

satisfying the equation 

dV/dt =-2(x? + ~2~) 

where the derivative dV/dt is computed on the basis of (5.3). Solving 

this equation we obtain 

ii- (bs + ba) 1 
all = 

h2 + @z + bd3 - @a + bd 
bz (bs + 44 ’ 

u&q = - 
bz + ba ’ 3122 = 

bl (b2 + 4 
(5.4) 

Under the hypothesis that 

al>O,a9+a8>0 

the quadratic form V will be positive definite. let us evaluate its 
derivative on the basis of (5.2). We thus find that 

i $! = I(aA + al4 ~1~ (t) + (a& + a& + a24 xl(t) ~2 (t) + alAsa* + 

+ bs Iallxl(4 + ~1~~2(~)l~2(t-7) (5.5) 

According to Section 1, one can obtain the stability conditions as 

the conditions that the function dV/dt be negative if V(x,(t - r ), 
x*(t - r 1 14 V(~~(t~, n,(t) 1. For the purpose of finding a dominating 
function for dV/dt we transform V to the canonical form by the substitu- 
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tions 

v = aIl 1, hlk?2 - al29 (~1~ + ~2~) 

Expressing the equation (5.5) in terms of the variables yi, yzP we ob- 
tain 

ip = (@I + al~)k12y~*(~) + Ku&+ adWS+ 

+ (aA + al&l + aa~)bl SII 0) YS 0) + Ifa& + adds+ 

+ hbp + a& + a& k2 -I- a&l ~2 ftt + bsallklY1 (t) ~2 (t - 7) 

‘Ihe largest value that dV/dt can attain in the region 

Y% (t - 7) + Y2 (t - 7) G Yi’ 0) + Ya2 (t) 

cannot exceed sup dV/dt in the region jyZ(t - r> ( \( 1 y,(t) 1 + ly,(t) 1. 

'Ihe function dV/dt will be negative definite if those quadratic forms 
are negative definite, which are obtained from dV/dt by setting y2 (t - T 1 

equal toyI+ yzs or-yl+yZ. Noting that the first Sylvester inequal- 
ity is always satisfied, we obtain the following criterion for the 
definiteness of the two mentioned quadratic forms: 

f(a& + a~) + (a~~/k~)l~ll~a~~b~ -f&2) kz2 + (a& + aA + a&k8 + a&l- 

-f [(a&l i- ata) 2kz + (a& + a&i- a&f ar&#>o 

Expressing uI1, ai2, az2, k,, k,, b,, b,, b, in terms of the 
coefficients a 1' a2,_ a3 of the original system, we find that 

[l-+%#~ + u2~a8)2/ul(a2 f ad7 (a2 d- a81 [(l-k a2 + a8)'+a12]jx [i+al'/(i $ Q f 

+ a8)'1- bl/(l + *2 + a8)+hli(~ + a2 + US) /%(~2++8)]*>O (5.7) 
Thus we have obtained conditions for the stability of the trivial 

solution of the equation (5.1) which are independent of the value of the 

lags ; i.e. conditions (S.?), and a1 > 0, a2 + u3 > 0. 

Making use of Theorem 2, one can obtain stability criteria that 
involve the lag r. 

I.& us assume that in accordance with equation (2.2) the following 
condition is satisfied for (5.5) 

za(t - T)= q(t)- 2 .-$- q$(u) (a 2= t-eT#o<e<q 

From (5.2) we have: zg(t - T) = r,(t) - rn,b). Making the proper 
substitutions in (5.5) we obtain 

1dv --=- 
2 df W(t) + ZS~(~)) - b87 kw2 (4 4- es2 (tflzi(a) (5.8) 
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‘Ihe conditions for stability can also be expressed as conditions that 
the function ~~/~~ be negative if 

v @lCG =s (4) G v @l(t)* @d 0)) 
Let us transform the quadratic form V to its canonical form by means 

of the substitutions 

Xl = Yl, x2 = GYl + lzyzt ll =_a-I-2 
1 

a22 7 
12 = - lJalfaZt - aI22 

a22 

‘Ihen 

1 
V = - (allasa - 

a22 
aa121 (YP + Y22) 

1 dV --=- 
2 dt {Y? 0) + VYl” (t) + 2V2Yl Gf yz PI + 122y22 (@I - 

- hi7 [@II + a124 YI (4 + al2hy2 WI YI (4 

‘Ihe least upper bound of the derivative dV/dt in the region 

Y12 (4 + Y22 wGYl2 (t) + Yz2 @I 

cannot exceed the least upper bound of dV~dt in the region 

Iv1 w I <I Yl fQ I + 1 yz(t) I 

Analogously to the above procedure we obtain as a sufficient condition 
for dV/dt to be negative, the condition of positiveness of the quadratic 
form 

10 + W - I h3 17 (all + addI YIP + Ii22 - 1 b3 jTa12221y22 + IW2 + 

+ i &I+ %1 + a12h + a12E2) f~1y2 (5.9) 

that is, the following condition 

11 + I12 - J 43 I T (an + a1211)l[122-lb21~a,2121 - [hlzf’lz lbslr (~II+~I+ a12l2)12> 0 G.10) 

Thus, on the basis of ‘lheorem 2 we find that the trivial solution of 
(5.1) will be stable if a1 > 0, a2 + a3 > 0 and condition (5.10) is 
satisfied, 

Beginning with a certain value r , the region of stability determined 
by the inequality (5.10) either intexsects or lies entirely within the 
stability region determined by the inequality (5.7). 

This shows that the estimate of dV/dt by the method of Section 2 is 
more exact than the one given in Section 1 for small values of the lag 

only. 
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